Duality relations for the 2D nonhomogeneous Ising model on the finite square lattice wrapped on the torus are obtained. The partition function of the model on the dual lattice with arbitrary combinations of the periodical and antiperiodical boundary conditions along the cycles of the torus is expressed through some specific combination of the partition functions of the model on the original lattice with corresponding boundary conditions. It is shown that the structure of the duality relations is connected with the topological peculiarities of the dual transformation of the model on the torus.
The duality relation for the two-dimensional Ising model was discovered by Kramers and Wannier [1] . In their work, Kramers and Wannier showed the correspondence between the partition function of the model in low-temperature phase and the partition function of the model on the dual lattice in high-temperature phase and vice versa:
sinh 2K · sinh 2 K = 1.
Using this self-duality property, the critical temperature of the 2D Ising model was determined [1] before Onsager had obtained the exact solution [2] .
Kadanoff and Ceva [3] generalized the Kramers-Wannier duality relation (1) to the nonhomogeneous case (the coupling constants are arbitrary functions of lattice site coordinates) with spherical boundary conditions
sinh 2K x (r) · sinh 2 K y ( r) = 1, sinh 2K y (r) · sinh 2 K x ( r) = 1.
Here µ = x, y and r, r, K µ (r), K µ ( r) are coordinates and coupling constants on the original and dual lattices respectively. Since the Kadanoff-Ceva relation (2) defines the connection between functionals, this relation is very useful for analysis of the thermodymamic phases of the model.
Thus, for example, this relation allows one to define correctly the disorder parameter µ, to obtain the duality relation connecting correlation functions on the original and dual lattices, to define "mixed" correlation functions σ(r i ) . . . σ(r j )µ(r k ) . . . µ(r l ) and so on (see Ref. [3] ).
As was already mentioned in Ref. [1, 3] , relations (1) and (2) can not be understood literally.
So, for example, using the method of comparing high-and low-temperature expansions for deriving the duality relation (1) in the case of the periodical boundary conditions, it is hard to take into account and to compare the graphs wrapping up the torus. In fact Eq. (1) is correct in the thermodynamic limit (for the specific free energy). However for the nonhomogeneous case the procedure of thermodynamic limit is rather ambiguous. In Ref. [3] the duality relation (3) was obtained for spherical (nonphysical for the square lattice) boundary conditions.
Since duality is a popular method of nonperturbative investigation in field theory and statistical mechanics (for review see Ref. [4] ), it is important to formulate a duality transformation for finite systems. Recently, we have suggested [5, 6] the exact duality relations for the nonhomogeneous Ising model on a finite square lattice of size N = n × m wrapped on the torus:
and components of the four-vector ( Z[ K] for the dual lattice) 
where r = (x, y) denotes the site coordinates on the square lattice of size N = n×m, x = 1, . . . , n y = 1, . . . , m; σ(r) = ±1; K x (r) and K y (r) are the coupling constants along the horisontal X and vertical Y axes respectively. The one-step shift operators ∇ x , ∇ y act on σ(r) in the following way
where x, y are the unit vectors along the horisontal and vertical axes. For the periodical (antiperiodical) boundary conditions along X and Y axes we have
We denote site coordinates, functions and functionals on the dual lattice by "tilda" : r, σ( r),
. . . A site coordinate on the dual lattice coincides with a coordinate of the plaquet center on the original lattice:
In Ref. [5] the duality relation (4) was proved for homogeneous and weakly nonhomogeneous distributions of the coupling constants. We also have checked the duality relation (4) for lattices of small sizes by direct calculation on the computer. As a corollary of Eq. (4), we obtained [5, 6] the duality relations for the two-point correlation function on the torus, for the partition functions of the 2D Ising model with magnetic fields applied to the boundaries and the 2D Ising model with free, fixed and mixed boundary conditions.
In this Letter we would like to propose a simple way of the derivation of the duality relation (4) . For the derivation it is convenient to use the representation of Hamiltonian (7) 
Here the coupling constants configurations [K (α,β) ] define the following magnetic dislocations:
where we introduced the denotion B (i) X for the following boundary cycles on the torus Note that the partition function (6) is invariant with respect to the Z 2 local gauge transformation U [τ ] [7, 8] :
where τ (r) = ±1. Let us apply arbitrary gauge transformation to the partition function Z (α,β)
exp{−βH For the dual transformation of the partition function (6) let us use the standard method [4] of the passage to dual spins. At the beginning we consider the dual transformation of Z (p,p) :
where
and ψ(r) = l x (r) + l y (r) + l x (r − x) + l y (r − y), l µ (r) = 0, 1.
Here δ 2 (ψ) is a Kronecker δ-function mod 2 : it is zero if ψ is odd and one if ψ is even. Note that in Eq. (10) we have a product of the δ-functions with linking arguments (the same l µ is contained in two δ-functions). In order to solve constraints generated by the product of δ-functions l µ (r) is usually expressed through dual spins σ( r) [4] 
Substituting Eq. (12) in Eq. (9) we obtain
where the dual coupling constants K ν ( r) are defined by (3) or
To derive Eq. (14) we used identity
Since in Eq. (14) we sum over
gives the same [l µ ]), we must introduce factor 1/2.
However it is not hard to note that we can construct many other solutions for l µ for which the coupling constant configurations are connected with [ K] in (14) ,
, Ω (a,a) of dual coupling constants configurations. Really it is easy to write the solutions for l µ which lead to the basic
, Ω (a,a) respectively. So, taking into account Eq. (8), we have for D X :
X ;
for D Y :
Y ;
and for D X,Y :
(1)
Y .
In Eqs. (16)- (18) 
where the path B (m) X denotes the following boundary cycle on the dual torus
] can be written through the following correlation function 
Here the minus sign appeares because of the antiperiodical boundary conditions. Similarly the minus sign appears before Z (p,a) [ K] . Then, taking into account these signs, one gets
where the factor i n is cancelled by the same factor appearing from the normalizing product cosh 1/2 K. The same way, considering the dual transformation for Z (a,p) and Z (a,a) , we obtain r,µ (cosh 2K µ (r))
Multiplying the right and the left sides of Eq. (21) by matrix T (5), one obtains Eq. (4).
Thus the structure of duality relation (4) 
